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Abstract
In this present paper, we investigate the muon pairs production in the interaction between
two quasireal photons in e+e− collision. The total and differential cross section of the process
γγ → µ+µ− at a beam energy of photons from 3 GeV to 40 GeV in the center-of-mass and for
different values of muon transverse momentum and the muon rapidity and the muon angle are
calculated. We also study the total cross section, as a function of the e+e− center-of-mass energy
√
s in the region 5 GeV ≤ √s ≤ 209 GeV process of the e++ e− → e++ e−+µ++µ− by the two-
photon mechanism. The obtained our results are in satisfactory agreement with the experimental
data.
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I. INTRODUCTION
In the microworld physics have a mathematically consistent theory -the standard model,
one of the main problems is the confirmation of this model and the search for possible exits
beyond its limits, and successfully tested in detail at colliders, accelerators [1–4].
In particle physics are continually searching the most fundamental method for the description
matter and the forces, which can be govern.
The main task in physics are describe all physical phenomena with a few basic principles.
Elementary particle physics by means of quarks and leptons, and their interactions tries to
explain the variety of the Universe.
Quantum Electrodynamics (QED) and Standard Model (SM), had already been successful
in remodeling the electromagnetic and weak interaction between charged particles and of
intermediate bosons, and photons.
The electron-positron, photon-photon and photon-electron scattering processes in QED and
SM at colliders of high energies have large attention both theoretical and experimental. The
exists accelerators with high-energy colliding e+e−, γγ, γe, µ+µ− beams wide use to study
the fundamental interactions [5–18]. The some QED of processes maybe play an important
role at these colliders, which the with increasing energy the cross section does not drop.
The laws of physics in the nuclear domain is for the most part derived from analyzing
the outcomes of the particles collisions at high-energy.
For the study of photon-photon collisions are of the main physics goals of investigation at
the high energy electron-positron linear collider.
Among the fundamental predictions of Standard Model are of the investigations with large
transverse momentum and angle in exclusive processes.
The massive lepton-pair production in photon-photon and hadron-hadron collisions are stud-
ied already for many years.
There is an experiments, that measured the production of a muon pair and is fairly well
described in QED. This to make it important to study the process of muon pair production
in lepton-lepton collisions.
Photon-photon processes producing a large transverse momentum muon pair play a funda-
mental role in electron-positron collisions. Lepton pair production in photon-photon colli-
sions is intimately related to many signals and their backgrounds for new physics.
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The necessary noted, that two-photon processes γγ → X are investigation in detail and is
an important section of modern high-energy physics [19–21]. In the experiment, they are
studied on counter e+e− beams at interacting virtual photons, which the are emitted by the
initial particles (that is, in the reaction e+e− → e+e−γ∗γ∗ → e+e−X).
The study of two-photon collisions are arises interest in exclusive production of hadron
pairs at high momentum transfer in the framework of perturbative Quantum Chromody-
namics [22–25]. Therefore, two photon interactions can provide an important information
for some effects in Quantum Chromodynamics.
The reaction e+e− → e+e−ℓ+ℓ−, where ℓ can be any charged lepton, which the arises from
O(α4) detailed investigate in [19].
Thus, at α4 of the order the investigation of the process e+e− → e+e−µ+µ− provides a good
way to test QED.
Namely, for the study of the processes e+e− → e+e−µ+µ− are well suited the LEP collider,
which the have high precision detectors [26, 27].
Electron-positron colliders are ideal for study the characteristics of lepton pairs produc-
tions, because the production mechanisms involve the electromagnetic and electroweak in-
teractions. Therefore, the cross-sections can be estimated quite reliably, as can final-state
distributions.
Up to now many studies have been carried out for processes photon-photon collisions
both theoretical and experimental, which the have been made important contributions in
this areas [19, 20, 28–126].
For the study of the process e+ + e− → e+ + e− + µ+ + µ− provides was carried out
several experiment [125–132], and are have made theoretical calculations within Quantum
Electrodynamics. There are many groups have made relevant calculations [19, 133–155].
In the main, a large number of studies of the photon-photon collisions processes have been
performed at the detectors at LEP, at BELLE, at BABAR, at VEPP, and other e+e−
colliders. In the L3 detector at LEP have been studied the process e++e− → e++e−+µ++µ−
at 161 GeV <
√
s < 209 GeV . In this process the muon pair invariant mass for the photon-
photon collisions was measured in the range 3 GeV < Wγγ < 40 GeV [125].
In this paper, we shall calculate total and differential cross sections for γγ → µ+µ− (and
e+ + e− → e+e−µ+µ−) from √s, pT , rapidity (y) and angle within the framework of QED
(and SM).
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Also, we will be study of the e+ + e− → e+ + e− + µ+ + µ− process, which the initiated
by electron-positron collisions, and that, illustrate some fundamental concepts and issues
central to the QED and SM.
We want to note that the center-of-mass energies are in the range of the LEP collider
161 GeV ≤ √s ≤ 209 GeV , and the scattering angle are in the range 15◦ < θ < 165◦.
II. THE PROCESS γγ → µ+µ−
In the present paper, in electron-positron collisions, massive muon-pair production pro-
ceeds through photon-photon collisions, i.e. through two-photon mechanism.
To study the e+ + e− → e+ + e− + µ+ + µ− process, at the first stage we must consider the
production of muon pairs in γγ → µ+µ− collisions. Therefore, in this section we want to
discuss the µ+µ− production in gamma-gamma collisions.
This process can be represented in the following physical picture: at leading order, two
photons interact and produce a measured final state, of mass mµ and transverse momentum
pT .
The process is written in the form
γ(p1) + γ(p2)→ µ−(k1) + µ+(k2). (1)
The Feynman diagrams of the process (1) in the Born approximation is shown in Fig. 1
µ
γ(p2)
γ(p1)
µ+(k2)
µ−(k1)
γ(p2)
γ(p1)
µ+(k2)
µ−(k1)
(1) (2)
Figure 1: The Feynman diagrams for the muon pairs production in γγ collisions in the Born
approximation.
The kinematics of the process (1) can be described in terms of the following Mandelstam
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variables:
s = (p1 + p2)
2 = (k1 + k2)
2;
t = (p1 − k1)2 = (p2 − k2)2;
u = (p1 − k2)2 = (p2 − k1)2. (2)
In this process, the created muons have masses mµ, then it follows from (2) that the sum of
the Mandelstam variables, which we will use can be written in this form
s+ t+ u = 2m2µ. (3)
The matrix elements corresponding for the Feynman diagrams in the Born approximation
(Fig. 1) we can write the form
iM1 = −u¯(k1, mµ)(−ieγα) i(pˆ2 − kˆ2 +mµ)
(k2 − p2)2 −m2µ
(−ieγβ)v(k2, mµ)εα(p1)εβ(p2);
iM2 = −u¯(k1, mµ)(−ieγβ) i(kˆ1 − pˆ2 +mµ)
(p2 − k1)2 −m2µ
(−ieγα)v(k2, mµ)εα(p1)εβ(p2); (4)
The matrix elements for the Box diagrams (Fig. 2) we can write as follows:
iM3 = −i(2ie)
4
16π4
∫
d4q1
u¯(k1)γµ(kˆ1 + kˆ2 − pˆ2 − qˆ1 +mµ)γα(−qˆ1 +mµ)
(q21 −m2µ)((p2 + q1 − k1 − k2)2 −m2µ)
·
· γβ(−pˆ2 − qˆ1 +mµ)γνv(k2)
((p2 + q1)2 −m2µ)(p2 + q1 − k2)2
· gµνεα(p1) εβ(p2);
iM4 = −i(2ie)
2
16π4
∫
d4q1
u¯(k1)γµ(kˆ1 + kˆ2 − pˆ2 − qˆ1 +mµ)γα(−qˆ1 +mµ)
(q21 −m2µ)((p2 + q1 − k1 − k2)2 −m2µ)
·
·γβ(−pˆ2 − qˆ1 +mµ)γνv(k2) · g
µν · εα(p1) εβ(p2)
((p2 + q1)2 −m2µ)((p2 + q1 − k2)2 −M2Z)
·
(
ie(−1
2
+ sin2θW )
cosθW sinθW
+
iesinθW
cosθW
)2
;
iM5 = − ie
2
16π4
∫
d4q1
u¯(k1)γσ(pˆ2 + qˆ1 − kˆ2)γκ · v(k2) · gµνgρσgλκ
(q21 −M2W )((p2 + q1)2 −M2W )(p2 + q1 + k2)2((p2 + q1 − k1 − k2)2 −M2W )
·
·
(
ie√
2sinθW
)2
[(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ + (p2 + 2q1 − k1 − k2)αgµρ] ·
·[(−p2 + q1)λgβν + (2p2 + q1)νgβλ + (−p2 − 2q1)βgνλ] · εα(p1) εβ(p2);
iM6 = −i(2ie)
4
16π4
∫
d4q1
u¯(k1)γµ(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα
(q21 −m2µ)((p2 + q1 − k1 − k2)2 −m2µ)
·
·(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)γνv(k2)
((p2 + q1)2 −m2µ)(p2 + q1 − k2)2
· gµνεα(p1) εβ(p2);
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iM7 = −i(2ie)
2
16π4
∫
d4q1
u¯(k1)γµ(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)
(q21 −m2µ)((p2 + q1 − k1 − k2)2 −m2µ)((p2 + q1)2 −m2µ)
·
·γνv(k2) · g
µν · εα(p1) εβ(p2)
((p2 + q1 − k2)2 −M2Z)
·
(
ie(−1
2
+ sin2θW )
cosθW sinθW
+
iesinθW
cosθW
)2
;
iM8 = − ie
2
16π4
∫
d4q1
u¯(k1)γλ(−pˆ2 − qˆ1 + kˆ1)γσ · v(k2) · gµνgρσgλκ
(q21 −M2W )((p2 + q1)2 −M2W )(p2 + q1 − k1)2((p2 + q1 − k1 − k2)2 −M2W )
·
·
(
ie√
2sinθW
)2
[(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ + (p2 + 2q1 − k1 − k2)αgµρ] ·
·[(−p2 + q1)κgβν + (2p2 + q1)νgβκ + (−p2 − 2q1)βgνκ] · εα(p1) εβ(p2); (5)
We will be consider to the subprocess γγ → µ+µ− and, in the leading order, and also in the
second order of perturbation theory. The total matrix element of the process γγ → µ+µ−
will has the form
Mγγ→µ+µ− = MBorn +MBox, (6)
where the MBorn is the leading order, the MBox is the second order amplitude.
Then, the general matrix elements of the Feynman diagrams in the Born approximation in
Fig. 1 can be written in the following form
MBorn =M1 +M2. (7)
The general matrix elements for the Box diagrams in Fig. 2 can be written as follows
MBox =M3 +M4 +M5 +M6 +M7 +M8. (8)
We will not take into account of the higher order α2 in the Box diagram. Then the square of
the full amplitude summed over the polarizations of particles, can be written in the following
form
M =
1
4
∑
pol
|Mγγ→µ+µ− |2 ≈ 1
4
∑
pol
|MBorn|2 + 1
2
∑
pol
Re(M+Born ·MBox). (9)
In case taking into account the mass of muons, k21 = k
2
2 = m
2
µ (for the process γγ →
µ+µ−), we can obtain the border equation for the physical regions in the following form
tu = m4µ. (10)
For a givens s and mass muon after solving two equations (3) and (10), we can define the
upper and lower bounds for t, is defined as
tmax, min =
−s+ 2m2µ
2
± s
2
√
1− 4m
2
µ
s
. (11)
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After integration in (7) by t, according to formula (11), for the square of the matrix element
of the Born diagram, we obtain the following expression:
|MBorn|2 = (4πα)2
{
(2sm2µ − 10m4µ) ·
√
s(s− 4m2µ)
sm2µ
− 2s ·
(√s(s− 4m2µ)
s
+
+ ln
s−
√
s(s− 4m2µ)
s+
√
s(s− 4m2µ)
)
− 2
s
(s+m2µ)
√
s(s− 4m2µ) +
(
6sm2µ − 18m4µ
)
·
√
s(s− 4m2µ)
sm2µ
+
+(8m2µ − 2s) ·
(
m2µ − s
m2µs
√
s(s− 4m2µ) + ln
s+
√
s(s− 4m2µ)
s−
√
s(s− 4m2µ)
)
−
−2
(
1
sm2µ
(m4µ − sm2µ + s2)
√
s(s− 4m2µ) + 2(m2µ − s) ln
s +
√
s(s− 4m2µ)
s−
√
s(s− 4m2µ)
)
+
+
1
s
(
8sm2µ − 12m4µ
)(
ln
s+
√
s(s− 4m2µ)
s−
√
s(s− 4m2µ)
+ ln
−s−
√
s(s− 4m2µ)
−s +
√
s(s− 4m2µ)
)}
. (12)
The terms M+Born ·MBox can be written in the following form:
M+1 · M3 = −
(4πα)3
π4
gµνgαα′gββ′
(k2 − p2)2 −m2µ
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)
·
·(−pˆ2 − qˆ1 + kˆ1 + kˆ2 +mµ)γα(−qˆ1 +mµ)γβ(−pˆ2 − qˆ1 +mµ)γν
(p2 + q1 − k2)2((p2 + q1 − k1 − k2)2 −m2µ)
,
M+1 · M4 = −
16G3Fsin
6θWM
6
W
π4
(
sin2θW − 12
cosθW sinθW
+
sinθW
cosθW
)2
gµνgαα′gββ′
(k2 − p2)2 −m2µ
·
·
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)((p2 + q1 − k2)2 −M2Z)
·
·(−pˆ2 − qˆ1 + kˆ1 + kˆ2 +mµ)γα(−qˆ1 +mµ)γβ(−pˆ2 − qˆ1 +mµ)γν
((p2 + q1 − k1 − k2)2 −m2µ)
,
M+1 · M5 =
(4πα)2M2WGF
4
√
2π4
gµνgρσgλκgαα′gββ′
(k2 − p2)2 −m2µ
·
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′
(q21 −M2W )((p2 + q1)2 −M2W )
·
· (kˆ1 +mµ)γλ(−pˆ2 − qˆ1 + kˆ1)γσ
((p2 + q1 − k1 − k2)2 −M2W )(p2 + q1 − k2)2
·
(
(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ +
+(p2 + 2q1 − k1 − k2)αgµρ
)
·
(
(−p2 + q1)κgβν + (2p2 + q1)νgβκ + (−p2 − 2q1)βgνκ
)
,
M+1 · M6 =
(4πα)3
π4
gµνgαα′gββ′
(k2 − p2)2 −m2µ
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)
·
·(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)γν
(p2 + q1 − k1)2((p2 + q1 − k1 − k2)2 −m2µ)
,
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M+1 · M7 = −
16G3Fsin
6θWM
6
W
π4
(
sin2θW − 12
cosθW sinθW
+
sinθW
cosθW
)2
gµνgαα′gββ′
(k2 − p2)2 −m2µ
·
·
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)((p2 + q1 − k1)2 −M2Z)
·
·(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)γν
((p2 + q1 − k1 − k2)2 −m2µ)
,
M+1 · M8 =
(4πα)2M2WGF
4
√
2π4
gµνgρσgλκgαα′gββ′
(k2 − p2)2 −m2µ
·
∫
d4q1
Tr(kˆ2 −mµ)γβ′(pˆ2 − kˆ2 +mµ)γα′
(q21 −M2W )((p2 + q1)2 −M2W )
·
· (kˆ1 +mµ)γλ(−pˆ2 − qˆ1 + kˆ1)γσ
((p2 + q1 − k1 − k2)2 −M2W )(p2 + q1 − k1)2
·
(
(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ +
+(p2 + 2q1 − k1 − k2)αgµρ
)
·
(
(−p2 + q1)κgβν + (2p2 + q1)νgβκ + (−p2 − 2q1)βgνκ
)
,
M+2 · M3 = −
(4πα)3
π4
gµνgαα′gββ′
(p2 − k1)2 −m2µ
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)
·
·(−pˆ2 − qˆ1 + kˆ1 + kˆ2 +mµ)γα(−qˆ1 +mµ)γβ(−pˆ2 − qˆ1 +mµ)γν
(p2 + q1 − k2)2((p2 + q1 − k1 − k2)2 −m2µ)
,
M+2 · M4 = −
16G3Fsin
6θWM
6
W
π4
(
sin2θW − 12
cosθW sinθW
+
sinθW
cosθW
)2
gµνgαα′gββ′
(p2 − k1)2 −m2µ
·
·
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)((p2 + q1 − k2)2 −M2Z)
·
·(−pˆ2 − qˆ1 + kˆ1 + kˆ2 +mµ)γα(−qˆ1 +mµ)γβ(−pˆ2 − qˆ1 +mµ)γν
((p2 + q1 − k1 − k2)2 −m2µ)
,
M+2 · M5 =
(4πα)2M2WGF
4
√
2π4
gµνgρσgλκgαα′gββ′
(p2 − k1)2 −m2µ
·
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′
(q21 −M2W )((p2 + q1)2 −M2W )
·
· (kˆ1 +mµ)γσ(pˆ2 + qˆ1 − kˆ2)γκ
((p2 + q1 − k1 − k2)2 −M2W )(p2 + q1 − k2)2
·
(
(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ +
+(p2 + 2q1 − k1 − k2)αgµρ
)
·
(
(−p2 + q1)λgβν + (2p2 + q1)νgβλ + (−p2 − 2q1)βgνλ
)
,
M+2 · M6 =
(4πα)3
π4
gµνgαα′gββ′
(p2 − k1)2 −m2µ
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)
·
·(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)γν
(p2 + q1 − k1)2((p2 + q1 − k1 − k2)2 −m2µ)
,
M+2 · M7 = −
16G3Fsin
6θWM
6
W
π4
(
sin2θW − 12
cosθW sinθW
+
sinθW
cosθW
)2
gµνgαα′gββ′
(p2 − k1)2 −m2µ
·
·
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′(kˆ1 +mµ)γµ
(q21 −m2µ)((p2 + q1)2 −m2µ)((p2 + q1 − k1)2 −M2Z)
·
·(pˆ2 + qˆ1 +mµ)γβ(qˆ1 +mµ)γα(pˆ2 + qˆ1 − kˆ1 − kˆ2 +mµ)γν
((p2 + q1 − k1 − k2)2 −m2µ)
,
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M+2 · M8 =
(4πα)2M2WGF
4
√
2π4
gµνgρσgλκgαα′gββ′
(p2 − k1)2 −m2µ
·
∫
d4q1
Tr(kˆ2 −mµ)γα′(kˆ1 − pˆ2 +mµ)γβ′
(q21 −M2W )((p2 + q1)2 −M2W )
·
· (kˆ1 +mµ)γλ(−pˆ2 − qˆ1 + kˆ1)γσ
((p2 + q1 − k1 − k2)2 −M2W )(p2 + q1 − k1)2
·
(
(−p1 − q1)ρgαµ + (p1 − p2 − q1 + k1 + k2)µgαρ +
+(p2 + 2q1 − k1 − k2)αgµρ
)
·
(
(−p2 + q1)κgβν + (2p2 + q1)νgβκ + (−p2 − 2q1)βgνκ
)
, (13)
where the quantities MW , MZ , mµ, e =
√
4πα, GF , and θW are the W-boson mass, the Z-
boson mass, the muon mass, the elementary electric charge (α ∼ 1/137), the Fermi coupling
constant, and the weak mixing angle, respectively.
In our calculation, we have used the completeness relation of the sum over the photon
polarizations in the initial state, replacing by the expression
∑
λ
εµ(p1, λ)ε
∗
ν(p1, λ) = −gµν , (14)
where ε(p1, λ) and ε(p2, λ) are the incoming photon polarization vectors.
The Box diagrams of the process (1) is shown in Fig. 2.
The ”master formula” for evaluating the cross section and kinematic distributions for a
γ(p1) + γ(p2)→ µ−(k1) + µ+(k2) process is
dσ =
1
2s
∫
d3~k1
(2π)32E1
d3~k2
(2π)32E2
(2π)4δ4(k1 + k2 − p1 − p2)|M |2, (15)
where M is the invariant matrix element.
In phase volume after integrate over ~k2 using the δ-function and after some simple transfor-
mation, we can get differential cross section for γγ → µ+µ− process (1) in the center-of-mass
frame in the following form:
dσ
dt
=
1
16πs2
βµ|M |2, (16)
where βµ =
√
1− 4m2µ
s
and
√
s is the total centre-of-mass energy of the colliding photons.
For obtaining the total cross section for the subprocess in photon-photon collisions (1) can
be calculated by
σ(γγ → µ+µ−) =
tmax∫
tmin
dt
dσ
dt
, (17)
where tmax, min are defined in (11).
We are presenting the results of our numerical calculations in Fig.3 - Fig.7 and in Fig.9.
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Figure 2: Box-type of the Feynman diagrams which contribute to the muon pair production in the
process γγ → µ+µ− at one-loop level.
In accordance with experiment of L3 [125] we calculated total cross section of the γγ → µ+µ−
process (1) at center-of-mass energy in range 3 GeV ≤ √s ≤ 40 GeV and is plotted the
dependence of the total cross section from
√
s. We plot this dependence in Fig. 3. It is shown
that the cross section is slowly decreasing, and a comparison with experimental data shows
that our result with a few experimental points are in good agreement, but full agreement
we do not have.
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Figure 3: The total cross section of the process γγ → µ+µ− as a function of the γγ centre-of-mass
energy. The experimental data is from [125].
III. THE TRANSVERSE MOMENTUM, THE RAPIDITY AND ANGULAR DIS-
TRIBUTIONS
In this section we present the transverse-momentum, the rapidity and angular distribu-
tions for muon-pair production in photon-photon collisions.
It is well-known that particles (e.g. leptons), that produced in the final state should pos-
sess some intrinsic (primordial) transverse momentum. It should be noted that, the recoil
transverse momenta of dilepton pairs produced in hadronic collisions have been uniquely
calculated in QCD [156–163]. Similarly, the recoil transverse momenta of muon pairs pro-
duced in photons collisions can be uniquely calculated in QED.
It should also be noted, that intrinsic (primordial) transverse momenta of particles in initial
state are almost negligible, therefore, the experimentally observed large transverse momenta
of massive muons produced in photons collisions have to arise almost entirely from the dy-
namical recoil effects.
Necessary be noted, that the transverse momentum spectrum of muon pairs production at
lower mass Mµµ allows one to study in more detail the non-perturbative contribution. The
11
measurements low-mass the process of the γγ → µ+µ− can be used to constrain the intrin-
sic transverse momentum distribution. Therefore, process γγ → µ+µ−, is one particularly
interesting process, that produced massive lepton pairs of large transverse-momentum, that
can help to provide information on Standard Model.
It should be noted, that a precise measurement of the pT spectrum also provides an impor-
tant input to the background prediction in searches of the processes for beyond the Standard
Model.
Now we will study the distribution by the transverse momenta and rapidity of muons in
the final state in the process (1). Therefore, the Mandelstam variables are related to the
transverse momentum and rapidity. Then, the Mandelstam invariants of the γγ → µ+µ−
processes satisfy the following form:
t = m2µ −
√
s
√
p2T +m
2
µe
−y,
u = m2µ −
√
s
√
p2T +m
2
µe
y, (18)
where pT and y are denote the transverse momentum and rapidity of the muon, respectively.
In the center-of-mass system the transverse momentum µ− and µ+ are obviously just oppo-
site
pT ≡ pµ
−
T = −pµ
+
T . (19)
The master formula for the differential cross section on the transverse momentum distribu-
tion has the form:
dσ
dp2T
=
∫
dy · dσ
dp2Tdy
. (20)
The integration limits for the transverse momentum are determined as follows
0 ≤ pT ≤ 1
2
√
s− 4m2µ, (21)
from here can see, that pmaxT =
√
s− 4m2µ.
The differential cross section for the rapidity distribution we can be written in the following
form:
dσ
dy
=
∫
dp2T ·
dσ
dydp2T
. (22)
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The kinematic limits of the rapidity in (20) is determined these relations is given by
− ln 2
√
s√
s− 4m2µ
≤ y ≤ ln 2
√
s√
s− 4m2µ
. (23)
In the most common case of equal masses in the final state the differential cross section for
the angular distribution has in the following form:
dσ
dcosθ
=
1
32πs
βµ|M|2. (24)
One of the interesting tasks, in order to, of studying the production of muon pairs in a
photon-photon collision is to investigate the dependence of the cross-section on the muon
transverse momentum. Therefore, we studied in detail the dependence of the differential
cross-section on the muon transverse momentum in the γγ → µ+µ− (1) process.
In Fig. 4 and Fig. 5 we present our results the investigation of the muon transverse momen-
tum for different values of centre-of-mass energy and rapidity for the process γγ → µ+µ−
(1).
In Fig. 4 we the plotted the dependence of the differential cross section for the process
γγ → µ+µ− (1) as a function of pT in the range 2 GeV/c < pT < 200 GeV/c for fixed values
values of centre-of-mass energy
√
s = 10 GeV, and rapidity y =-1, 0, 1, 2. In Fig. 4(a)
at a values of rapidity y=0, and of pT from 5 Gev/c to 10 GeV/c the differential cross
section increases very much, and at pT = 10 GeV/c the differential cross section reaches
a peak value. After obtaining a peak, with an increase in pT until pT = 200 GeV/c the
differential cross section slowly is decreases. On the other curves in Fig. 4, that is, in Fig. 4
(b), (c), we plotted the differential cross section as a function of the muon transverse mo-
mentum in the range 3 GeV/c ≤ pT ≤ 200 GeV/c at rapidity y =1 and y =-1. The same
can be explained, that is, at a value of pT from 3 Gev/c to 7 GeV/c the differential cross
section increases very much, and at pT = 7 GeV/c the differential cross section reaches a
peak value, further with increase in pT until pT = 200 GeV/c, the cross section slowly is
decreases. Also we plotted in Fig. 4(d) from the transverse momentum distribution in the
range 2 GeV/c ≤ pT ≤ 200 GeV/c at a values rapidity y =2 and
√
s = 10 GeV. It should
be noted that at a value of pT from 2 Gev/c to 3 GeV/c the differential cross section the
increases sharply, in the value pT = 3 GeV the differential cross section reaches a peak value.
In further, in the region 3 GeV/c ≤ pT ≤ 30 GeV/c the differential cross section decreases
is sharply, and then with increase in pT until pT = 200 GeV/c, the differential cross section
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slowly is decreases.
We present the obtained results in Fig. 5. In Fig. 5(a) at a values of rapidity y =0, and
of pT from 8 Gev/c to 20 GeV/c the differential cross section increases very much, and at
pT = 20 GeV/c the differential cross section reaches a peak value. After obtaining a peak,
with an increase pT in region 8 GeV/c ≤ pT ≤ 200 GeV/c the differential cross section
slowly is decreases. On the other curves in Fig. 5, that is, in Fig. 5 (b), (c), we plotted
the differential cross section as a function of the muon transverse momentum in the range
5 GeV/c ≤ pT ≤ 200 GeV/c at rapidity y =1 and y =-1. The same can be explained,
that is, at a value of pT from 5 Gev/c to 13 GeV/c the differential cross section increases
very much, and at pT = 13 GeV/c the differential cross section reaches a peak value, fur-
ther with increase pT in region 13 GeV/c ≤ pT ≤ 200 GeV/c the cross section slowly is
decreases. Also we plotted in Fig. 5(d) from the transverse momentum distribution in the
range 3 GeV/c ≤ pT ≤ 200 GeV/c at a values rapidity y=2 and
√
s = 20 GeV. It should
be noted that at a value of pT from 3 Gev/c to 5 GeV/c the differential cross section the
increases sharply, in the value pT = 5 GeV the differential cross section reaches a peak value.
In farther, in the region 5 GeV/c ≤ pT ≤ 40 GeV/c the differential cross section decreases
is sharply, and then with increase in pT until pT = 200 GeV/c, the differential cross section
slowly is decreases.
Also, we investigate the dependence on process γγ → µ+µ− (1) as a function of the
rapidity y = yµ+ = yµ− of the muon pairs in the range −4 ≤ y ≤ 4 for different values of
the center-of-mass energy
√
s and of the transverse momentum pT .
The rapidity distributions we demonstrates in the Fig. 6. In Fig. 6(a), we have depicted
differential cross section as a function of the muon rapidity y at
√
s = 10 GeV and pT =
5 GeV/c. In the region (−4 ≤ y ≤ −2) the differential cross section decreases sharply, but
in the region (−2 ≤ y ≤ 2) the differential cross section changes very slowly (the practically
stable). It is seen that we have a minimum value of the differential cross section at the
point y = 0. In farther, in the region (2 ≤ y ≤ 4) the differential cross section the increases
sharply.
The analogous calculations we have done for
√
s = 20 GeV and pT = 10 GeV/c. Obtained
our results is present in Fig. 6(b). It is note that for these values of
√
s = 20 GeV and pT
= 10 GeV/c, the same, in the region (−4 ≤ y ≤ −2) the differential cross section decreases
sharply, but in the region (−2 ≤ y ≤ 2) the differential cross section changes very slowly
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(the practically stable). It is worth to mention that at the y = 0 the differential cross section
the obtain a minimum value. In farther, in the region (2 ≤ y ≤ 4) the differential cross
section the increases sharply.
One of the interesting problem, of the muon pairs production in a photon-photon collisions
is investigate the dependence of the angular distribution of the differential cross-section.
Therefore, we studied the dependence of the differential cross-section on the muon angular
distribution by the (24) in the γγ → µ+µ− (1) process. In Fig. 7 we show the dependence
of the differential cross section for the process γγ → µ+µ− (1) as a function of cos θµ in the
ranges (-1 ≤ cos θµ ≤ 1) and (-0.8 ≤ cos θµ ≤ 0.8) for for different values of centre-of-mass
energy
√
s. In Fig. 7(a), we have plotted differential cross section as a function of the muon
angular distribution in the region (-1 ≤ cos θµ ≤ 1) at
√
s = 10 GeV . In the region (-1
≤ cos θµ ≤ -0.2) the differential cross section decreases sharply, but in the region (-0.2 ≤
cos θµ ≤ 0.2) the differential cross section changes very slowly. At the value θµ = 90◦ the
differential cross section obtain a minimum value. It is seen that in further in the region
(0.2 ≤ cos θµ ≤ 1) the differential cross section the increases sharply.
The analogous calculations we have done for
√
s = 20 GeV, and this dependence is displayed
in Fig. 7(b). It is shown that in the region (-1 ≤ cos θµ ≤ -0.2) the differential cross section
decreases sharply, but in the region (-0.2≤ cos θµ ≤ 0.2) the differential cross section changes
very slowly. At the value θµ = 90
◦ the differential cross section obtain a minimum value.
The same that in further in the region (0.2 ≤ cos θµ ≤ 1) the differential cross section the
increases sharply.
It should be noted that in the experiment, the angular distribution of the differential cross
section also measurement in the region |cosθµ| ≤ 0.8. Therefore, the analogous calculations
we have done for the angular distribution of the differential cross section in the region (-0.8
≤ cos θµ ≤ 0.8) at
√
s = 20 GeV. Obtained results of our numerical calculation is plotted in
Fig. 7(c). It is shown that in the region (-0.8 ≤ cos θµ ≤ -0.1) the differential cross section
decreases sharply, but in the region (-0.1≤ cos θµ ≤ 0.1) the differential cross section changes
very slowly. At the value θµ = 90
◦ the differential cross section obtain a minimum value. In
farther, in the region (0.1 ≤ cos θµ ≤ 0.8) the differential cross section the increases sharply.
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(a)
(b)
(c)
(d)
Figure 4: Transverse momentum distribution of µ± for fixed value of centre-of-mass energy
√
s and
for different values of y rapidity. (a):
√
s = 10 GeV, y =0; (b):
√
s = 10 GeV, y =1; (c):
√
s =
10 GeV, y = - 1; (d):
√
s = 10 GeV, y =2.
IV. THE PROCESS e+ + e− → e+ + e− + µ+ + µ−
When an electron and a positron interact with each other, many different phenomena
occur. One of these phenomena is process of the creation of µ+µ− pairs.
One of the most important areas at the QED and SM are investigation of the production
massive lepton pairs at the electron-positron linear collider.
In this paper, we report results from a study of α4 order QED process e+e− → e+e−µ+µ−
- at center-of mass energies from 161 GeV to 209 GeV .
The lepton pairs production in electron-positron collisions by a two photon mechanism, play
a special role in QED and QCD [19], since their analysis is under much better control.
Therefore, it should be noted that the production of lepton pairs in electron-positron colli-
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(a)
(b)
(c)
(d)
Figure 5: Transverse momentum distribution of µ± for fixed value of centre-of-mass energy
√
s and
for different values of rapidity y. (a):
√
s = 20 GeV, y =0; (b):
√
s = 20 GeV, y =1; (c):
√
s =
20 GeV, y = - 1; (d):
√
s = 20 GeV, y =2.
sions via photon-photon-fusion has been studied for a long time.
The process of the production of lepton pairs in electron-positron collisions via photon-
photon-fusion can be written in the form
e+ + e− → e+ + γ∗ + e− + γ∗ → e+ + e− + µ+ + µ−. (25)
The Feynman diagrams of the process (25) can be represented in Fig. 8.
The total cross section of the e+e− → e+e−µ+µ− process, which we study through photon-
photon-fusion sub-process can be written as [19, 28]
σ(s)e
+e−→e+e−µ+µ− =
(
α
π
)2 4E2∫
4m2
µ
ds1
s1
σγγ→µ
+µ−(s1)
[(
ln
sm2µ
s1m2e
− 1
)2
f
(
s
s1
)
− 1
3
(
ln
s
s1
)3]
, (26)
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(a)
(b)
Figure 6: The dependence of differential cross section on rapidity y for different values of centre-
of-mass energy
√
s and of transverse momentum pT . (a):
√
s = 10 GeV, pT = 5 GeV/c; (b):
√
s
= 20 GeV, pT = 10 GeV/c.
where
f(x) =
(
1 +
1
2x
)2
ln x− 1
2
(
1− 1
x
)(
3 +
1
x
)
, (27)
where σγγ→µ
+µ−(s1) is the cross section of the γγ → µ+µ− process.
Using the two-photon mechanism, we calculated the total cross section of the e+ + e− →
e+ + e− + µ+ + µ− process (25) according to formula (26) in a large range of centre-of-mass
energy
√
s and for energy that corresponds to an experiment with a specific angle range.
In Fig. 9, the dependence of the total cross section on the center-of-mass energy of the
e+ + e− → e+ + e− + µ+ + µ− process are plotted. We present our results the dependence
the total cross section, as a function of the e+e− center-of-mass energy
√
s in the region 5
GeV ≤ √s ≤ 209 GeV in Fig. 9(a). According to our calculation, we see that total cross
sections in the region of the center-of-mass energy 5 GeV ≤ √s ≤ 150 GeV increase sharply.
In farther, total cross sections increase smoothly and slowly with increasing energy in the
region 150 GeV ≤ √s ≤ 209 GeV. Accordingly with experimental data [125], we made a
analogous calculation for a specific range of the center-of-mass energy 160 GeV ≤ √s ≤ 209
GeV, in order to compare with this experimental data. In Fig. 9(b) we show the our obtained
results. In Fig. 9(b) it is seen that our theoretical results are in satisfactory agreement with
the experimental data.
We also investigated the dependence of the cross section as a function of
√
s in the e++e− →
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(a)
(b)
(c)
Figure 7: The angular distribution of the differential cross section of the process γγ → µ+µ− for
different values of centre-of-mass energy
√
s and of angle cosθµ.
γ
γ
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−
e
+
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+
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−
e
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γ
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−
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(1) (2)
Figure 8: Representative Feynman diagrams for the process of e+ + e− → e+ + e− + µ+ + µ−.
e++e−+µ++µ− (25) process for the case two-photon center-of-mass energy 3 GeV ≤Wγγ ≤
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(a)
(b)
(c)
(d)
Figure 9: The total cross section of the e+ + e− → e+ + e− + µ+ + µ− process as a function of
√
s. The experimental data is from [125] of the L3 Collaboration. (a): 6 GeV ≤ √s ≤ 209 GeV ;
(b): 100 GeV ≤ √s ≤ 209 GeV - for the compared with experimental data; (c): 3 GeV ≤Wγγ ≤
40 GeV and |cosθµ| ≤ 0.8, ; (d): 150 GeV ≤
√
s ≤ 209 GeV , 3 GeV ≤ Wγγ ≤ 40 GeV and
|cosθµ| ≤ 0.8 - for the compared with experimental data.
40 GeV and of muon angles in the range |cosθµ| ≤ 0.8. Therefore, in formula (26) for the
γγ → µ+µ− subprocess we use formula (24) and we are perform of integration on the Wγγ
in the range 3 GeV ≤ Wγγ ≤ 40 GeV and on the muon angle in the region (-0.8 ≤ cos
θµ ≤ 0.8). In Figs. 9(c) and 9(d), we present our obtained results for these cases. We
plot the dependence of the cross section of e+ + e− → e+ + e− + µ+ + µ− (25) process as
a function for e+e− centre-of-mass energy in the region 5 GeV ≤ √s ≤ 209 GeV at the
3 GeV ≤ Wγγ ≤ 40 GeV and (-0.8 ≤ cos θµ ≤ 0.8) in Fig. 9 (c). Of our calculation it
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is shown that total cross sections in the region of the e+e− center-of-mass energy 5 GeV
≤ √s ≤ 110 GeV increase sharply. In farther, total cross sections increase smoothly and
slowly with increasing energy in the region 110 GeV ≤ √s ≤ 209 GeV. For the compare
with experimental data [125], we are perform of analogous calculation for a specific range
of the center-of-mass energy 160 GeV ≤ √s ≤ 209 GeV. In Fig. 9(d) it is shown that our
theoretical results are in satisfactory agreement with the experimental data.
V. CONCLUSION
Are known, to be the photon-photon and the electron-positron collisions the most ele-
mentary interactions and form the basis of our knowledge about the nature of high energy
physics.
The exclusive production of µ+µ− pair in electron-positron collisions via two-photon mech-
anism is considered. In this process, we present a simple method for the calculation of the
total and differential cross section.
A careful study of the muon pairs production reactions over the full range of LEP, LHC,
BABAR, BELLE, Fermilab et al.
√
s values and high pT is highly desirable, both as an
important probe, as a significant test in SM.
After a detailed study of the photon-photon-collision processes, one can notice that two-
photon reactions have of unique features for testing QED and QCD.
For the calculation the dependence total and differential cross section on the centre-of-
mass energy, the ransverse momentum, and the rapidity and the angle, we got the master
formula for the γγ → µ+µ− process.
It should be noted that the total cross section of the e+e− → e+e−µ+µ− process was
measured of the two-photon center-of-mass energy in the region of 3 GeV ≤Wγγ ≤ 40 GeV
by using the data, in which taken from the L3 detector at 161 GeV ≤ √s ≤ 209 GeV at
LEP.
We also want to note that it should be noted that the total cross section muon pairs pro-
duction as a function of center-of-mass energy of the γγ → µ+µ− process was measured of
the two-photon center-of-mass energy
√
s in the range 3 GeV ≤ Wγγ ≤ 40 GeV by using
the data, from the L3 detector at LEP.
In this present paper, we have examined the muon pairs production in photon - photon
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collisions and in the process e+e− → e+e−µ+µ− by the two-photon mechanism γγ → µ+µ−.
We have investigated in detail the dependence total cross section as a function of the two-
photon centre-of-mass energy for 3 GeV ≤ Wγγ ≤ 40 GeV, and the dependence differential
cross section on the transverse momentum pT in the region 2 GeV/c ≤ pT ≤ 200 GeV/c for
different values of centre-of-mass energy
√
s=10, 20 GeV, and of rapidity y = -1, 0, 1, 2, in
the process of γγ → µ+µ−.
We also investigated the dependence of the differential cross section on rapidity y for different
values of centre-of-mass energy
√
s=10, 20 GeV, and of transverse momentum pT=5, 10
GeV/c in the process of γγ → µ+µ−.
In this present work, we also was studied in detail the angular distribution of the dif-
ferential cross section dσ(γγ→µ
+µ−)
dcosθµ
of the γγ → µ+µ− process. For this, we have separately
considered the angle regions in the range of (-1≤ cosθµ ≤1) and (-0.8≤ cosθµ ≤0.8), and for
different values of centre-of-mass energy of the two-photon system
√
s =10, 20 GeV.
We also investigated the main process for the µ+µ− production in the e+ + e− →
e+ + e− + µ+ + µ− process and studied the characteristics of the total cross section, as a
function of the e+e− center-of-mass energy
√
s in the region 5 GeV ≤ √s ≤ 209 GeV of this
process by the two-photon mechanism for different values of angle regions −1 ≤ cosθµ ≤ 1
and −0.8 ≤ cosθµ ≤ 0.8.
We want to note that some of our obtained theoretical results are compare with the experi-
mental data in the processes of γγ → µ+µ− and e+ + e− → e+ + e− + µ+ + µ−. They are
in satisfactory agreement.
To make the evaluation for the loop integrals in Box diagrams, we used packages LoopTools
[164] in based on Passarino-Veltman reduction techniques [165].
In our opinion of our obtained theoretical results will be helpful for investigations and anal-
ysis of the lepton pairs production in the e+e− and the other colliders.
[1] S. L. Glashow, Nucl. Phys. B22 (1961)579.
[2] S. Weinberg, Phys. Rev. Lett. 19 (1967)1264.
[3] A. Salam, Elementary Particle Theory. Stockholm, 1968, p. 367.
[4] A. Salam, J.C. Ward, Phys.Lett. 13 (1964)168.
22
[5] PHYSICS AT LEP, CERN-86-02, Ed.by J.Ellis and R.Peccei, 1986.
[6] Zeroth-Order Design Report for the Next Linear Collider, Report No. SLAC-474 (1996).
[7] JLC Design Study, KEK Report 97-1 (1997).
[8] R.D. Heuer et al., Technical Design Report of 500 GeV Electron Positron Collider with
Integrated X-Ray Facility (DESY 2001-011, March 2001).
[9] Physics Potential and Development of µ+µ− Colliders, ed. by D. Cline, AIP Conference
Proceedings 441 (1997).
[10] B. Badelek et al., Int. J. Mod. Phys. A 19 (2004) 5097.
[11] R.D. Heuer,et al., The TESLA Technical Design Report, p. III, DESY 2001-011, TESLA
Report 2001-23, TESLA FEL 2001-05 (2001) p. 1, hep-ph/0106315.
[12] B.Badelek et al.,The TESLA Technical Design Report, p. VI, Chap.1, DESY-2001-011,
TESLA-2001-23, TESLA-FEL-2001-05 (2001), hep-ex/0108012; International Linear Col-
lider. Technical Design report, (2007-2010-2013).
[13] M. Harrison, M. Ross, N. Walker, arXiv:1308.3726 [hep-ph].
[14] P. Bambade et al., The ILC Collaborations, arXiv:1903.01629 [hep-ex].
[15] A. Robson et al., The CLIC and CLICdp Collaborations, arXiv:1812.07987 [physics.acc-ph];
[16] P. Roloff et al., The CLIC and CLICdp Collaborations, arXiv:1812.07986 [hep-ex];
[17] J. de Blas et al., The CLIC Collaborations, arXiv:1812.02093 [hep-ph], CERN-2018-009-M,
CERN-TH-2018-267.
[18] P. Bambade et al., The ILC Collaborations, arXiv:1903.01629 [hep-ex].
[19] V. M. Budnev, I. F. Ginzburg, G. V. Meledin, V. G. Serbo, Phys. Rep. 15 (1975) 181.
[20] D. Morgan et al., J. Phys. G: Nucl. Part. Phys. 20 (1994)1.
[21] P.S. Isaev, Fiz.Elem.Chast.Atom.Yadra. 13 (1982)82.
[22] P. Achard et al., The L3 Collaboration, Phys.Lett. B597 (2004)26; hep-ex/0407020.
[23] M. Diehl, T.Gousset, B. Pire and O.V. Teryaev, Phys.Rev.Lett. 81 (1998)1782.
[24] N. Kivel, L.Mankiewicz and M.V. Polyakov, Phys.Lett. B467 (1999)263.
[25] A. Freund, Phys.Rev.D61 (2000)074010.
[26] B. Adeva et al., The L3 Collab., Nucl. Instr. Meth. A 289 (1990) 35.
[27] O. Adriani et al., The L3 Collab., Phys. Rep. 236 ( 1993) 1.
[28] V. E. Balakin, V. M. Budnev, and I. F. Ginzburg, Pisma Zh. Eksp. Teor. Fiz. 11 (1970) 559.
[29] V. M. Budnev, and I. F. Ginzburg, Phys. Lett. 37B (1971) 320.
23
[30] I. F. Ginzburg, G.L. Kotkin, V.G. Serbo and V.I. Telnov, Pisma Zh.Eksp.Teor.Fiz. 34 (1981)
514; JETP Lett. 34 (1981) 491.
[31] I. F. Ginzburg, G.L. Kotkin, V.G. Serbo and V.I. Telnov, Nucl.Instrum.Meth. 205 (1983) 47.
[32] I. F. Ginzburg, G.L. Kotkin, S.L. Panfil, V.G. Serbo and V.I. Telnov, Nucl.Instrum.Meth.
A219 (1984) 5.
[33] V.I. Telnov, Nucl.Instrum.Meth. A294 (1990) 72.
[34] V.I. Telnov, Nucl.Instrum.Meth. A355 (1995) 3.
[35] V.I. Telnov, Nucl.Instrum.Meth. A472 (2001) 280; arXiv:0012047 [hep-ex].
[36] I. F. Ginzburg, G.L. Kotkin, S.L. Panfil, V.G. Serbo, Nucl.Phys. B228 (1983) 285 [Erratum:
B243 (1984) 550].
[37] I. F. Ginzburg, arXiv:1508.06581 [hep-ph].
[38] I. F. Ginzburg, Phys.Atom.Nucl. 58 (1995) 279; Yad.Fiz. 58 (1995) 326.
[39] I. F. Ginzburg, Nucl.Instrum.Meth. A355 (1995) 63.
[40] I. F. Ginzburg, G.L. Kotkin, arXiv:1910.13961 [hep-ph].
[41] V.I. Telnov, arXiv:hep-ex/9910010.
[42] V. M. Budnev, and A. E. Kaloshin, Phys. Lett. 86B (1979) 351.
[43] V. M. Budnev, and I. F. Ginzburg, and V.G. Serbo, Phys. Lett. 96B (1980) 387.
[44] V. M. Budnev, and I. F. Ginzburg, Phys. Lett. 37B (1971) 320.
[45] H. Cheng, T.T. Wu, Phys.Rev. D1 (1970) 3414.
[46] J.H.Field, E. Pietarinen and K. Kajantie, Nucl. Phys. B171 (1980) 377.
[47] V.E. Balakin et al., Phys.Lett. 34 B (1971)663.
[48] C. Bacc et al., Nuovo Cimento 3 (1972) 709.
[49] H.J. Besch et al., Phys.Lett. 81 B (1979) 79.
[50] A. Coureau et al., Phys.Lett. 84 B (1979) 145.
[51] D.P. Barber et al., Phys.Rev.Lett. 43 (1979) 1915.
[52] R. Bhattacharya, J. Smith and G. Grammer, Phys.Rev. D15 (1977) 3267.
[53] M. Klusek-Gawenda and A. Szczurek, Phys.Rev. C82 (2010) 014904.
[54] M. Klusek-Gawenda, P. Lebiedowicz, O. Nachtmann, and A. Szczurek, Phys.Rev. D96 (2017)
094029; arXiv:1708.09836 [hep-ph].
[55] O. Nachtmann, F. Nagel, M. Pospischil, A. Utermann, Eur.Phys.J. C45 (2006) 679.
[56] O. Nachtmann, F. Nagel, M. Pospischil, A. Utermann, Eur.Phys.J. C46 (2006) 93.
24
[57] C. Ewerz, O. Nachtmann, R. Schicker, arXiv:1908.11792 [hep-ph].
[58] P. Lebiedowicz, O. Nachtmann, and A. Szczurek, Phys.Rev. D 101 (2020)
034008; arXiv:1901.07788 [hep-ph].
[59] P. Lebiedowicz, O. Nachtmann, and A. Szczurek, Phys.Rev. D 97 (2018) 094027.
[60] P. Lebiedowicz, M. Klusek-Gawenda, A. Szczurek, O. Nachtmann, Acta Phys.Polon. B
Proc.Suppl. 12 (2019) 341; arXiv:1810.07284 [hep-ph].
[61] M. Dyndal, M. Klusek-Gawenda, M. Schott, A. Szczurek, arXiv:2002.05503 [hep-ph].
[62] A. Szczurek, M. Luszczak, arXiv:1907.08936 [hep-ph], PoS DIS 2019 (2019) 035.
[63] P. Lebiedowicz, A. Szczurek, Phys.Rev. D 98 (2018) 053007; arXiv:1807.06069 [hep-ph].
[64] M. Luszczak, W. Scha¨fer, and A. Szczurek, JHEP 1805 (2018) 064; arXiv:1802.03244 [hep-
ph].
[65] G.G. da Silveira, L. Forthomme, K. Piotrzkowski, W. Scha¨fer, and A. Szczurek, JHEP 1502
(2015) 169; arXiv:1409.1541 [hep-ph].
[66] G. Baur and C.A. Bertulani, Phys.Rev. C35 (1987) 836.
[67] K. Hencken, D. Trautmann and G. Baur, Phys.Rev. C59 (1999) 841.
[68] D.Yu. Ivanov, A. Schiller and V.G. Serbo, Phys.Rev. C75 (2007) 034903.
[69] U.D. Jentschura, K. Henecken and V.G. Serbo, Eur.Phys.J.C58 (2008) 281.
[70] U.D. Jentschura, and V.G. Serbo, Eur.Phys.J.C64 (2009) 309.
[71] A. Baltz, Phys.Rev.Lett.100 (2008) 062302.
[72] A. Baltz, Phys.Rev.C80 (2009) 034901.
[73] E.A. Kuraev, M.V. Galinskii, M.I. Levchuk, Phys.Part.Nucl. 31 (2000)
76; Fiz.elem.Chast.Atom.Yadra 31 (2000) 155.
[74] S. J. Brodsky, T. Kinoshita and H. Terazawa, Phys. Rev. D4 (1971)1532.
[75] S. J. Brodsky, T. Kinoshita and H. Terazawa, Phys. Rev. Lett. 25 (1970)972.
[76] S. J. Brodsky, Int. J. Modern. Phys. A20 (2005)7306; arXiv: hep-ph/0404186.
[77] S. J. Brodsky, P.M. Zerwas, Nucl.Instrum.Meth. A355 (1995)19; arXiv: hep-ph/9407362.
[78] S. J. Brodsky, Int. J. Modern. Phys. A18 (2003)2871; arXiv: 0204197 [hep-ph].
[79] S. J. Brodsky, Acta Phys.Polonica B37 (2006)619.
[80] S. J. Brodsky, Acta Phys.Polonica B37 (2006)905.
[81] S. J. Brodsky, SLAC-PUB-3547; SLAC-PUB-6314.
[82] S. J. Brodsky, SLAC-PUB-6314, Conf.Proc.C930426 (1993)295.
25
[83] S. J. Brodsky, SLAC-PUB-4648.
[84] S. J. Brodsky, SLAC-PUB-2240.
[85] F. Low, Phys.Rev. 120 (1960) 582.
[86] N. Arteaga-Romero, A. Jaccarini, P. Kessler and J. Parisi, Phys. Rev. D3 (1971) 1569.
[87] M. Ko¨ksal, A.A. Billur, A.Gutierrez-Rodriguez, and M.A. Hernandez-Ruiz, Int.J.Mod.Phys.
A34 (2019) 1950076; arXiv:1811.01188 [hep-ph].
[88] M. Ko¨ksal, J.Phys.G 46 (2019) 065003; arXiv:1809.01963 [hep-ph].
[89] A.A. Billur, M. Ko¨ksal, and A.Gutierrez-Rodriguez, Phys.Rev. D96 (2017)
056007; arXiv:1702.03708 [hep-ph].
[90] A.Gutierrez-Rodriguez, M. Ko¨ksal, A.A. Billur, Phys.Rev. D91 (2015)
093008; arXiv:1412.2094 [hep-ph].
[91] M. Ko¨ksal, Mod.Phys.Lett.A29 (2014) 1450184; arXiv:1402.3112 [hep-ph].
[92] A.A. Billur, M. Ko¨ksal, Phys.Rev. D89 (2014) 037301; arXiv:1306.5620 [hep-ph].
[93] A.A. Billur, M. Ko¨ksal, and A.Gutierrez-Rodriguez, and M.A. Hernandez-Ruiz,
arXiv:1909.10299 [hep-ph].
[94] S.C. Inan and A.A. Billur, Phys.Rev. D84 (2011) 095002.
[95] S. Atag, A.A. Billur, JHEP 1011 (2010) 060.
[96] A. Senol, Phys.Rev. D85 (2012) 113015; arXiv:1204.0467 [hep-ph].
[97] B. Sahin, J.Phys.G 36 (2009) 025012; arXiv:0808.0842 [hep-ph].
[98] I´. Sahin, and S.C. I´nan, JHEP 0909 (2009) 069; arXiv:0907.3290 [hep-ph].
[99] S. Atag, E.Gu¨rkanli, JHEP 1606 (2016) 118; arXiv:1512.03640 [hep-ph].
[100] S.C. I´nan, and A.V. Kisselev, Eur.Phys.J. C78 (2018) 729; arXiv:1805.01441 [hep-ph].
[101] S.C. I´nan, and A.V. Kisselev, arXiv:1907.12824 [hep-ph].
[102] S.C. I´nan, Int.J.Mod.Phys. A26 (2011) 3605.
[103] I´. Sahin, S.C. Inan, JHEP 0909 (2009) 069; arXiv:0907.3290
[104] E. Bartosˇ, A.Z. Dubnicˇkova, M.V. Galynskii, E.A. Kuraev, Nucl.Phys. B 676 (2004) 481.
[105] A.B. Arbuzov, V.V. Bytev, E.A. Kuraev, E. Tomasi-Gustafsson, and Yu.M. Bystritskiy,
Phys.Part.Nucl. 41 (2010) 593.
[106] M.I. Vysotsky, E.V. Zhemchugov, Phys.Usp. 62 (2019) 910; arXiv:1806.07238 [hep-ph].
[107] M.I. Vysotsky, E.V. Zhemchugov, arXiv:1812.02493 [hep-ph].
[108] N. Sonmez, Nucl.Phys. B939 (2018) 233; arXiv: 1805.06281 [hep-ph].
26
[109] A.B. Arbuzov, E.A. Kuraev, G.V. Fedotovich, N.P. Merenkov, V.D. Rushai, L. Trentadue,
JHEP 9710 (1997) 001.
[110] G. Baur, K. Hencken, and D. Trautmann, J.Phys.G 24 (1998) 1657.
[111] E.E. Boos and G.V. Jikia, Phys.Lett. B275 (1992) 164.
[112] V.I. Telnov, Nuclear and Particle Physics Proceedings 273–275 (2016) 219.
[113] V.I. Telnov, JINST 13 (2018) P03020; arXiv:1801.10471 [physics.acc-ph].
[114] S. Chatrchyan et al., The CMS Collaboration, JHEP 1201 (2012) 052; arXiv:1111.5536
[hep-ex].
[115] S. Chatrchyan et al., The CMS Collaboration, JHEP 1211 (2012) 080; arXiv:1209.1666
[hep-ex].
[116] S. Chatrchyan et al., The CMS Collaboration, JHEP 1307 (2013) 116; arXiv:1305.5596
[hep-ex].
[117] G. Aad et al., The ATLAS Collaboration, Phys.Lett. B749 (2015) 242; arXiv:1506.07098
[hep-ex].
[118] M. Aaboud et al., The ATLAS Collaboration, Phys.Lett. B777 (2018) 303; arXiv:1708.04053
[hep-ex].
[119] S. Uehara et al., The BELLE Collaboration, Int.J.Mod. Phys.: Conference Series 35 (2014)
1460396.
[120] A. Abulencia et al., The CDF Collaboration, Phys.Rev.Lett. 98 (2007)
112001; arXiv:hep-ex/0611040.
[121] T. Aaltonen et al., The CDF Collaboration, Phys.Rev.Lett. 102 (2009)
222002; arXiv:0902.2816 [hep-ex].
[122] T. Aaltonen et al., The CDF Collaboration, Phys.Rev.Lett. 102 (2009)
242001; arXiv:0902.1271 [hep-ex].
[123] D. Moricciani, The KLOE-2 Collaboration, EPJ Web of Conferences 118 (2016) 01023.
[124] D. Babusci, The KLOE-2 Collab., Int.J.Modern Physics: Conference Series 35 (2014)
1460395.
[125] P. Achard et al., The L3 Collaboration, Phys.Lett. B 585 (2004) 53; hep-ex/0402037.
[126] R. Akers et al., The OPAL Collaboration, Z.Phys. C 60 (1993) 593.
[127] H. Hayashii et al., The TOPAZ Collaboration, Phys.Lett. B 279 (1992) 422.
[128] A. Imanishi et al., The TOPAZ Collaboration, Nucl.Instrum.Meth. A 269 (1988) 513.
27
[129] T. Kamae et al., Nucl.Instrum.Meth. A252 (1986) 423.
[130] R. Hayano et al., TOPAZ proposal of TRISTAN e+e− colliding experiment, EXP-002 (1983).
[131] P. Aarnio et al., The DELPHI Collaboration, Nucl.Instrum.Meth. A 303 (1991) 233.
[132] P. Aarnio et al., The DELPHI Collaboration, Nucl.Instrum.Meth. A 378 (1996) 57.
[133] G. Barbiellini et al., Phys. Rev. Lett. 32 (1974) 385.
[134] A.B. Arbuzov, E.A. Kuraev, N.P. Merenkov, L. Trentadue, Zh.Eksp.Teor.Phys. 108 (1995)
1164; JETP 81 (1995) 638; arXiv: hep-ph/9509405.
[135] A.B. Arbuzov, E.A. Kuraev, N.P. Merenkov, L. Trentadue, Nucl.Phys. B 474 (1996) 271.
[136] L.N. Lipatov, G.V. Frolov, Yad.Fiz. 13 (1971) 588; Sov.J.Nucl.Phys. 13 (1970) 333.
[137] A.B. Arbuzov, E.A. Kuraev, N.P. Merenkov, L. Trentadue, Yad.Fiz. 60 (1997);
Phys.Atom.Nucl. 60 (1997) 591.
[138] G. Racah, Nuovo Cimento 13 (1936) 69.
[139] G. Racah, Nuovo Cimento 14 (1937) 93.
[140] L.D. Landau and E.M. Lifshitz, Phys. Zeitschrift der Sowietunion, 6 (1934) 244.
[141] V.N. Baier and V.S. Fadin, Zh.Eksp.Teor.Fiz. 63 (1972) 761; Sov.Phys.JETP 36 (1973) 399.
[142] E.A. Kuraev and L.N. Lipatov, Yad.Fiz. 16 (1972) 1060.
[143] E.A. Kuraev and L.N. Lipatov, Yad.Fiz. 20 (1974) 112.
[144] V.N. Baier, V.S. Fadin, V.A. Khoze, E.A. Kuraev, Phys.Rept. 78 (1981) 293.
[145] E.A. Kuraev, A. Schiller, V.G. Serbo, Phys.Lett. B 134 (1984) 455.
[146] E.A. Kuraev, A. Schiller, V.G. Serbo, Nucl.Phys. B 256 (1985) 189.
[147] E.A. Kuraev, A. Schiller, V.G. Serbo, D.V Serebryakova, Eur.Phys.J. C4 (1998) 631; arXiv:
hep-ph/9710420.
[148] F.A. Berends, W.L.van Neerven, and G.J.H. Burgess, Nucl.Phys. B 297 (1988) 429 [Erratum:
Nucl.Phys.B304 (1988)921].
[149] F.A. Berends, P.H. Daverveldt and R. Kleiss, Nucl.Phys. B 253 (1985) 441.
[150] F.A. Berends, P.H. Daverveldt and R. Kleiss, Nucl.Phys. B 253 (1985) 421.
[151] F.A. Berends, P.H. Daverveldt and R. Kleiss, Comput.Phys.Commun. 40 (1986) 271.
[152] F.A. Berends, P.H. Daverveldt and R. Kleiss, Comput.Phys.Commun. 40 (1986) 285.
[153] F.A. Berends, P.H. Daverveldt and R. Kleiss, Comput.Phys.Commun. 40 (1986) 309.
[154] J.A.M Vermaseren, Nucl.Phys. B 229 (1983) 347.
[155] J.A.M Vermaseren, Proc.Int.Workshop on γγ collisions, Amiens, 1980 (Springer, Heidelberg,
28
1980).
[156] H.D.Politzer, Nucl.Phys. B 129 (1977)301.
[157] A.V.Radyushkin, Phys.Lett. 69B (1977)245
[158] H.Fritzsch and P.Minkowski, Phys.Lett. 73B (1978)80.
[159] G.Altarelli, G.Parisi and R.Petronzio, Phys.Lett. 76B (1978)351; CERN-TH-2413 (1977).
[160] K.Kajantie and R.Raitio, Nucl.Phys. B 139 (1978)72.
[161] K.Kajantie, J.Lindfors and R.Raitio, Nucl.Phys. B 144 (1978)422.
[162] J.C.Collins, D.E.Soper and G.Sterman, Nucl.Phys. B 250 (1985)199.
[163] V.Ravindran, J.Smith and W.L. van Neerven, Nucl.Phys. B647 (2002)275.
[164] T. Hahn and M. Perez-Victoria, Comput.Phys.Commun. 118 (1999) 153;
arXiv:hep-ph/9807565.
[165] G. Passarino and M.J.G. Veltman, Nucl.Phys. B 160 (1979) 151.
29
